In this paper, we study Kirchhoff type problems on a bounded domain. We consider the cases that the nonlinearity is superlinear near zero but asymptotically 4-linear at infinity, and the nonlinearity is asymptotically linear near zero but 4-superlinear at infinity. By computing the relevant critical groups, we obtain nontrivial solutions via Morse theory.
Introduction
Let be a bounded domain in R N (N D 1; 2; 3) with smooth boundary @ . We consider the following Kirchhoff type problems with Dirichlet boundary value conditions Here a, b > 0 are real constants, the nonlinearity f 2 C. R; R/ satisfies the following conditions:
.f / there exists C > 0 and p 2 .2; 2 / such that jf .x; t/j Ä C.jt j is well defined and of class C 1 , and weak solutions of the (1.1) are the critical points ofˆ. Recently, the problem (1.1) has captured some interest of research. For example, Perera and Zhang [8] considered the case that f .x; / is asymptotically linear at 0 and asymptotically 4-linear at infinity. They obtained a nontrivial solution of the problems by using the Yang index and critical group. Then, in [10] they considered the cases that f .x; / is 4-sublinear, 4-superlinear and asymptotically 4-linear at infinity. With various assumption on f .x; / near 0, they obtained multiple and sign changing solutions. Similar results can also be found In [6] . Assume that f .x; / is odd, then a sequence of solutions fu n g such thatˆ.u n / ! C1 is obtained by He and Zou [2] .
In this paper, following the idea of [7, 5] on the study of p-Laplacian problems, we consider the cases that f .x; / is suplinear at 0 but asymptotically 4-linear at infinity, and asymptotically linear at 0 but 4-superlinear at infinity, respectively. To state our results, we must recall some results on the nonlinear eigenvalue problem 8 <
:
In [8] , using the Yang index, Perera and Zhang constructed an unbounded sequence of eigenvalues 0 < 1 Ä 2 Ä of (1.2). Moreover, given 2 R, define I W X ! R by
Then, I 2 C 1 .X; R/, for the given , the solutions of (1.2) are precisely the critical points of I . Let us denot by † the set of all the eigenvalues of (1.2). If … †, then u D 0 is an isolated critical point of I . Therefore C .I ; 0/, the critical groups of I at 0, make sense. The following result is proved in [8] .
Now we are ready to state our results. Firstly, we consider the cases that f .x; u/ is suplinear at 0 but asymptotically 4-linear at infinity. We assume:
.f 1 / for some … †, we have
.f 2 / the following limit holds uniformly on x 2 ,
.f 3 / 2F .x; u/ f .x; u/u > 0 for all x 2 and u ¤ 0.
Next, we consider the case that f .x; u/ is asymptotically linear at 0 but 4-superlinear at infinity. We denote by 0 < 1 < 2 Ä the eigenvalues of on H 1 0 . /. For the sake of simplicity we also denote 0 D 1. We make the following assumptions:
.f 4 / for some 2 . k ; kC1 /, we have
.f 5 / there exists Â > 4 and R > 0 such that 0 < ÂF .x; u/ Ä f .x; u/u, for x 2 and juj R.
The case that f .x; u/ is 4-superlinear at infinity has been considered in [6, 10] . Unlike our condition .f 4 /, the assumptions on f .x; / near zero in [6, 10] only involve the first eigenvalue 1 . Such assumptions imply that u D 0 is a local minimizer ofˆ. This is not the case in our Theorem 1.3 if k ¤ 0.
The paper is organized as follow. In Section 2 we show that all the critical groups ofˆat zero and at infinity are trivial, provided f .x; / is superlinear at zero and 4-superlinear at infinity, respectively. In Section 3 we prove our main results.
Critical groups
Let u be an isolated critical point ofˆwithˆ.u/ D c. the q-th critical group ofˆat u is defined by
where U is any neighborhood of u, H is the singular relative homology with coefficients in an Abelian group G andˆc Dˆ 1 . 1; c. We say thatˆsatisfies the Palais-Smale condition, if any sequence fu n g X such that
fˆ.u n /g is bounded andˆ0.u n / ! 0 has a convergent subsequence. Ifˆsatisfies the PalaisSmale condition and the critical values ofˆare bounded from below by some˛2 R, then the critical groups ofˆat infinity were introduced by Bartsch and Li [1] as
By the deformation lemma, the right-hand side of (2.1) does not depend on the choice of˛. For this M , there is C 1 > 0 such that
Thus for s > 0 we obtain 
Thus, by the Implicit Function Theorem we see that T is continuous onˆ
It is easy to see that Á is a continuous deformation from .X; X nf0g/ to .ˆ0;ˆ0nf0g/. By the homotopy invariance of homology group, we have Proof. By .f 5 /, there exist c 1 ; c 2 > 0 such that
Since Â > 4, it follows that for u 2 S D fu 2 X W kuk D 1g, we havê
For all v 2 X , by .f 5 /, for jvj R we have
For any u 2 S there exists t > 1 such thatˆ.tu/ Ä˛. Ifˆ.tu/ Ä˛, by (2.4) we have
Therefore, by the Implicit Function Theorem, there exists a unique T 2 C.S; R/, such that .T .u/u/ D˛. Using the function T , we can follow the argument in [4, Page 4] to construct a strong deformation retract from X toˆ˛, and deduce
Proofs of the theorems
Having computed the critical groups ofˆat zero and at infinity, we are ready to present the proofs of our main results. Following [8] , we introduce the following functionals on X , On the other hand, since ‰ 0 Dˆ0 in B , we have C q .‰ 0 ; 0/ Š C q .ˆ0; 0/ Š ı q;k G because 2 . k ; kC1 / implies that 0 is a nondegenerate critical point with Morse index k of 0 . We see that C k .‰ 0 ; 1/ ¤ C k .‰ 0 ; 0/. Again, Proposition 2.1 yields a nonzero critical point u of ‰ 0 . By Proposition 3.1 (ii), this is a nonzero critical point ofˆ.
